Abstract In this paper we consider the lower order eigenvalues of biharmonic operator on compact Riemannian manifolds with boundary (possibly empty) and prove a type of general inequalities for them. In particular, we study the lower order eigenvalues of biharmonic operator on compact submanifolds of Euclidean spaces, of spheres, and of projective spaces. We obtain some estimates for lower order eigenvalues of biharmonic operator on such objects.
Introduction
Let Ω be a bounded domain in an n(≥ 2)-dimensional Euclidean space R n with smooth boundary ∂Ω. An eigenvalue problem of Dirichlet Laplacian given by −∆u = λu in Ω,
is called the fixed membrane problem. Let 0 < λ 1 < λ 2 ≤ λ 3 ≤ · · · → +∞ denote the successive eigenvalues for (1.1), where each eigenvalue is repeated according to its multiplicity. In the case of n = 2, Payne-Pólya-Weinberger [15] proved
In 1964, Brands [4] sharpen (1.2) to
For general dimensions n ≥ 2, Ashbaugh and Benguria [2] proved in 1993 that
Recently, the inequality (1.4) has been extended to some Riemannian manifolds. For the related research and improvement in this direction, see [6-8, 12, 17] and the references therein.
In order to describe vibrations of a clamped plate, a well-known eigenvalue problem for Dirichlet biharmonic operator is introduced, which is called the clamped plate problem:
Here ν denotes the outward unit normal vector field of ∂Ω. To answer a question of Ashbaugh proposed in [1] , in 2006, Cheng-Yang [10] obtained a universal inequality for problem (1.5). For estimates for higher order eigenvalue of (1.5), we refer to [9, 13, 19] .
be the successive eigenvalues of (1.5). In [3] , Ashbaugh has announced the following inequalities:
(1.7)
Inspired by [11] , in this paper we consider the lower order eigenvalues of eigenvalue problem (1.5) on Riemannian manifolds. First, we obtain a type of general inequalities for the eigenvalues of biharmonic operator on compact Riemannian manifolds with boundary (possibly empty). By using this inequality, we obtain some estimates for lower order eigenvalues of biharmonic operator on such objects.
A general inequality
First, we give a general inequality for eigenvalues of the biharmonic operator which plays a key role in proofs of our main results. 
and u i the orthonormal eigenfunction corresponding to Γ i , that is
Then for any function
Lower order eigenvalues of the biharmonic operator
(2.7) By virtue of (2.6), (2.7) and Cauchy's inequality, it is easy to see
where δ is a positive constant. This completes the proof of Theorem 2.1.
Eigenvalues on submanifolds in Euclidean spaces
In this section, we will give inequalities on eigenvalues for the biharmonic operator on submanifolds of Euclidean spaces by using Theorem 2.1. 
where ∆ is the Laplacian operator of M n . Then the following inequality holds:
Here u 1 is the orthonormal eigenfunction corresponding to Γ 1 .
Corollary 3.2. Under the same assumptions as in Theorem 3.1, we have
n i=1 (Γ i+1 − Γ 1 ) ≤ 4 (2n + 4)Γ 1 2 1 + S Γ 1 2 1 + S 4 ,(3.
2)
where S = sup Ω |H| 2 .
Proof. Let x 1 , x 2 , . . . , x N be the standard Euclidean coordinate functions of R N . By using QR-factorization theorem, one gets that there exists an orthogonal matrix O such that
and summing over i from 1 to N , one finds that
By a direct calculation, it holds that
where div(Z) denotes the divergence of Z. Therefore,
On the other hand,
(3.6) Inserting (3.5) and (3.6) into (3.4) yields
(3.7)
Minimizing the right hand side of (3.7) as a function of δ by choosing
, we obtain
It follows that
(3.9)
From (3.8) and (3.9), we infer that
Therefore, we obtain Theorem 3.1.
It follows from (3.1) that
This concludes the proof of Corollary 3.2.
Eigenvalues on submanifolds in spheres and projective spaces
In this section, by using the idea in [11] , we study eigenvalues on submanifolds of spheres and projective spaces, respectively. 
(4.1) Here u 1 is the orthonormal eigenfunction corresponding to Γ 1 .
Corollary 4.2. Under the same assumptions as in Theorem 4.1, we have
where S = sup Ω (|H| 2 + n 2 ).
Let F denote the field R of real numbers, the field C of complex numbers or the field Q of quaternions. The projective space of dimension N over F is written as FP N . For the related notations, we refer to [5, 11, 14, 16, 18] . 
3) Here u 1 is the orthonormal eigenfunction corresponding to Γ 1 and c(n) is given by 
where S = sup Ω (|H| 2 + c(n)).
Proof. Let x : M n → S N be an isometric immersion of M n in the unit sphere S N . Since ∆x = −H − nx.
It follows that
Denote by i the standard embedding of S N into R N +1 . Then (4.6) shows that 
